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As a two-terminal mechanical element, the inerter has been successfully applied in various mechanical fields, such as automotive
engineering and civil engineering, for passive control and semiactive control. In this paper, a hydraulic electric inerter is
considered an active device to suppress the vibration of a vehicle suspension system..e components and working principle of the
hydraulic electric inerter are first introduced. On the basis of a force test of the hydraulic electric inerter, nonlinear factors such as
friction, the damping force, and the elastic effect are analyzed, and parameter identification methods are adopted to identify the
detailed parameters. A dynamic model of the vehicle suspension system employing a nonlinear hydraulic electric inerter is
established, and the predictive controller is designed to further improve the vibration isolation performance of the suspension
system. Numerical simulations show that the performance of the vehicle ISD (inerter-spring-damper) suspension system is
significantly improved compared to the passive suspension. Finally, bench tests are carried out, and the advantages of vehicle ISD
suspension are demonstrated. .e RMS (root-mean-square) value of the vehicle body acceleration and the RMS value of the
suspension working space are reduced by 16.1% and 8.9%, respectively.

1. Introduction

A vehicle suspension system is a general device between the
wheel and body of a vehicle that not only suppresses vi-
brations but also supports the vehicle body mass [1].
However, the “spring-damper” structure of traditional
passive vehicle suspension systems limits improvements of
the vibration isolation performance of the suspension sys-
tem due to lack of mass impedance. In 2002, an inerter [2]
was first proposed by Professor Smith at Cambridge Uni-
versity, and as a two-terminal element, it has been widely
employed in vehicle engineering [3–6], civil engineering
[7, 8], train suspension [9, 10], wind turbines [11], and
structural vibration [12, 13]. .e inerter has been realized in
many forms, such as a ball-screw inerter [14], rack and
pinion inerter [15], hydraulic inerter [16], and mechatronic
inerter [17]. In vehicle suspension fields, for the design of a
passive suspension system using the “inerter, spring, and
damper” network structure, Smith first analyzed several

common forms of vehicle suspension systems using an
inerter and found that their vibration isolation performance
can be effectively improved [18]. In [19], a control method
based onmatrix inequality was applied to vehicle suspension
and proved that these structures have better performance. In
[20], by considering the constraints of the suspension
working space, the ride comfort and tire grip performance of
suspension employing an inerter element could be signifi-
cantly improved. In [21], an improved design of a dynamic
vibration absorber was proposed and applied to vehicle
suspension systems, and the results showed that the
damping performance of the new vehicle ISD suspension
was effectively improved.

More recently, a semiactive suspension and a semiactive
inerter [22, 23] were proposed to further improve perfor-
mance. In [24], a semiactive suspension with an inerter was
developed and its improved performance advantage was
proven by comparison with passive ISD suspension. In [25],
a state feedback H2 controller was designed, which showed
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that suspension with an adaptive inerter could improve ride
quality and tire deflection. In [26], a force-tracking design
method for a semiactive damper and semiactive inerter was
proposed. A semiactive suspension with a semiactive inerter
and semiactive damper can better track the target active
control force. .is demonstrated the necessity and benefit of
introducing a semiactive inerter into vehicle suspension.

However, with the proposed mechatronic inerter in-
troduced in [17], a PMEM (permanent magnetic electric
machine) can also be used as an active force device to control
the output force of the mechatronic inerter. .is paper
explores a new vehicle suspension system employing a
hydraulic electric inerter. Predictive control is used to
regulate the vehicle suspension to improve performance on
the basis of a nonlinear model of the inerter device. .is
paper is organized as follows.

In Section 2, a hydraulic electric inerter is designed and
the working principle is introduced. Force tests are com-
pleted to demonstrate the nonlinear model in Section 3. A
dynamic model of the suspension system involving the
nonlinear hydraulic electric inerter is established and a
predictive controller is designed to improve the vibration
isolation performance in Section 4. In Section 5, experiments
on vehicle ISD suspension using the hydraulic electric
inerter are conducted and the results are discussed in detail.
Finally, some conclusions are drawn in Section 6.

2. Design of the Hydraulic Electric Inerter

In this paper, a new form of inerter that involves a hydraulic
inerter and a linear motor is considered. .e new type of
inerter includes two hydraulic piston mechanisms and a
permanent magnet synchronous linear motor..is new type
of inerter can be called the hydraulic electric inerter. Its
structure is indicated in Figure 1, and Figure 2 shows the
prototype diagram of the hydraulic electric inerter.

As shown in the figures above, the deputy piston rod is
connected with the mover of the linear motor, and the stator
of the linear motor is uniformly distributed with windings,
which are consolidated with the deputy cylinder. .e
working principle of the hydraulic electric inerter is that the
main cylinder and the main piston rod move relatively as
two free endpoints, the deputy piston rod and the mover axis
move through the oil, the mover shaft and the windings in
the motor stator generate relative motion in the motor
working chamber, and then the linear motor is connected
with the external circuit to generate the induction electro-
motive force..e existence of the linear motor can adjust the
output force of the whole device.

.e main parameters of the hydraulic electric inerter are
shown in Table 1.

.e inertance is an important physical parameter in this
paper. From the working principle of the hydraulic
cylinder,

v2 − v1( SR � va − v1( Sr, (1)

where SR represents the piston area of the main hydraulic
cylinder; Sr represents the piston area of the deputy hy-
draulic cylinder; v1 and v2 are the speed of the cylinder block

and piston rod of the main hydraulic cylinder, respectively;
and va represents the speed of the mover axis.

From the law of conservation of energy,

F v2 − v1(  � m _va va − v1( , (2)

where F represents the force between the piston rod and the
cylinder block of the main hydraulic cylinder, m represents
the mass of the mover axis and deputy piston rod, and _va

represents the acceleration of the mover axis.
Taking the derivative of formula (1) and substituting it

into formula (2),

F � m
SR

Sr

SR

Sr
_v2 − _v1(  + _v1 . (3)

Formula (3) can be approximately expressed as

F � m
SR

Sr
 

2

_v2 − _v1( . (4)

.e inertance is as follows:

b �
SR

Sr
 

2

m. (5)

3. Force Test and Parameter Identification of
the Hydraulic Electric Inerter

3.1. Force Test of theHydraulic Electric Inerter. A force test of
the hydraulic electric inerter is carried out with the INS-
TRON 8800 hydraulic servo vibration platform. .e dis-
placement can be controlled, and the force between the
devices can be recorded by a force sensor. Different exci-
tation frequencies are considered in the force test, the input
used in the test is shown in Table 2, and the frequency
response trends of the hydraulic electric inerter are shown in
Figures 3 and 4.

From Figure 3, it is clear that the actual amplitude of the
prototype has a definite deviation from the theoretical value
at low frequencies (0Hz∼2Hz) and high frequencies
(5Hz∼10Hz). In the middle-frequency region (2Hz∼5Hz),
the result is basically consistent with the theoretical value.
From Figure 4, it is seen that the phase of the prototype
fluctuates around the theoretical phase over the entire fre-
quency range, which is due to the interference of nonlinear
factors in the test prototype.

Generally, in the low-frequency stage, friction is the
main factor because the velocity and acceleration at the two
ends of the inerter are small, while in the high-frequency
stage, parasitic damping and the oil elastic effect become the
main nonlinear factors.

3.2. Parameter Identification of the Hydraulic Electric Inerter.
.e nonlinear factors affecting the hydraulic electric inerter
can be classified into friction, parasitic damping, and oil
elasticity. Combining the mechanical analysis and the in-
fluence of the nonlinear factors, a nonlinear mechanical
model of the hydraulic electric inerter can be obtained, as
shown in Figure 5.
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According to Figure 5, the output force FR of a pair of
hydraulic cylinders can be calculated by the inertia force, the
elastic force Fk, the damping force Fd, and friction Ff. .e
output force FR can eventually be expressed by the following
formula:

FR � b €x1 − €x2(  + f sgn _x1 − _x2(  + ke x1 − x2( 

+ ce _x1 − _x2(  + F1,
(6)

where f represents the amplitude of the nonlinear friction
force, x1 represents the displacement of the bottom end of
the main cylinder, x2 represents the displacement of the
upper end of the main cylinder, sgn represents the sign
function, ke represents the equivalent stiffness coefficient of
the oil elasticity, ce represents the equivalent damping co-
efficient of the parasitic damper, F1 represents the thrust of
the linear motor, and at this point, F1 � 0.

Table 2: Test input parameters.

Displacement input Parameters Values

x � A cos(ωt + θ)

Frequency ω (Hz) (0.1, 10)
Amplitude A (mm) 10
Initial phase θ (rad) 0

Main cylinder

Deputy cylinder Linear motor
assembly

�e area of the
piston is Sr

Deputy piston rod
(motion)

Inertia magnifying
mechanism

Incompressible oil�e area of the piston is SR

F F

v1 v2

Sr
F = m·

2SR ·(v. 2 – v. 1)

Figure 1: Structure diagram of the hydraulic electric inerter.

Deputy cylinder Linear motor

Main cylinder

Figure 2: Prototype diagram of the hydraulic electric inerter.

Table 1: Parameter information of the hydraulic electric inerter.

Name Value
Main cylinder inner diameter (mm) 63
Main piston rod diameter (mm) 20
Deputy cylinder inner diameter (mm) 32
Diameter of the deputy piston rod (mm) 12
Motor mover mass (kg) 5.6
Main cylinder stroke (mm) ±50
Deputy cylinder stroke (mm) ±100
Peak current (A) 10
Rated current (A) 5
Internal resistance of the linear motor (Ω) 3.8
Linear motor inductor (mH) 26
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Figure 3: Amplitude-frequency characteristic of the hydraulic
electric inerter.
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Setting the vibration frequency to 0.1Hz and using a
triangle wave as the input signal, the hydraulic piston
performs uniform motion and reciprocates back and forth
every 10 seconds. .e speed and acceleration of the hy-
draulic piston are close to 0. .e damping force and the
inerter force are equal to 0. .at is, when the vibration
frequency is 0.1Hz, friction plays a dominant role among the
nonlinear factors.

It can be clearly seen from Figure 6 that when the vi-
bration frequency is set at 0.1Hz, the response curve exhibits
square wave characteristics. .is property is consistent with
the nature of nonlinear friction in formula (6). According to
Figure 6, the magnitude of nonlinear friction can be esti-
mated to be 0.5 kN.

.erefore, the nonlinear identification parameters are
reduced to two parts: the equivalent damping coefficient ce
and the equivalent stiffness coefficient ke. A parameter
identification model is established in Simulink, and the
related parameters of the identification algorithm are
shown in Table 3. .e optimization objective function to
obtain a minimum value is shown in the following
formula:

J(θ)min �

�����������������


N
n�1 Fr(n)−Fs(n)



2

N



, (7)

where θ represents the set of parameters to be identified,
Fr(n) represents the force calculated, and Fs(n) represents the
testing force.

.e input test data of 2Hz, 4Hz, 6Hz, 8Hz, and 10Hz
sinusoidal excitation frequencies are used as samples, and
the final identification results of the parameters equivalent
damping coefficient ce and equivalent stiffness coefficient ke
are shown in Table 4.

Inserting the amplitude of the nonlinear friction force f,
the equivalent damping coefficient ce, and the equivalent
stiffness coefficient ke into formula (1) and verifying the
simulation, a comparison between the simulation results and
experimental results is shown in Figure 7.

.e relationships between force and displacement and
between force and velocity are shown in Figure 7..e results
show that the nonlinear mechanical model of the pair of
hydraulic cylinders including friction, parasitic damping,
and oil elasticity is accurate, the method of identifying the
nonlinear parameters is effective, and the identified pa-
rameters are reliable.

0 10 20 30 40 50 60
–1

–0.5

0

0.5

1

t (s)

O
ut

pu
tfo

rc
e (

kN
)

Figure 6: Force output curve at 0.1Hz frequency.
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Figure 5: Nonlinear mechanical model of the hydraulic electric
inerter.

Table 3: Correlation settings of the parameter identification
algorithm.

Setting objects Setting results
Identification algorithm Trust region reflective
Optimization method Nonlinear least squares
Parameter cutoff error 0.01
Function cutoff error 0.01
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Figure 4: Phase-frequency characteristic of the hydraulic electric
inerter.

Table 4: Parameter identification results.

Parameters Identification
results

Equivalent stiffness coefficient ke (kN·m−1) 709
Equivalent damping coefficient ce (N·S·m−1) 1293
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4. Numerical Analysis of Vehicle
ISD Suspension

4.1. Dynamic Modeling of Vehicle ISD Suspension. A basic
series layout of a vehicle suspensionmodel [27] involving the
nonlinear hydraulic electric inerter is established in Figure 8.

.e model can be expressed by the following dynamic
equations:

ms€zs + k zs − zu(  + Fe � 0,

mu€zu + kt zu − zr( − k zs − zu( −Fe � 0,

Fe � ke zs − zb(  + ce _zs − _zb(  + b €zs − €zb( 

+sgn _zs − _zb(  + F1 � c _zb − _zu( ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(8)

where ms stands for the sprung mass, mu is the unsprung
mass, k represents the stiffness of the main spring, c
stands for the damping coefficient of the suspension, kt is
the tire stiffness, zs represents the sprung mass vertical
displacement, zu is the unsprung mass vertical dis-
placement, zr is an input signal from a random road, and
zb represents the vertical displacement of the common
end of the damper c and the hydraulic electric inerter.

4.2. Design of the Predictive Controller. To improve the
performance of vehicle suspension, predictive control is
selected to optimize the thrust of the linear motor. .e
predictive control in this paper is based on a nonlinear
model including friction, parasitic damping, and oil elas-
ticity to obtain the minimum performance index by rolling
optimization and feedback correction within a given range.
A system block diagram of predictive control is shown in
Figure 9.

In this paper, the goal of predictive control is to suppress
body acceleration and set current as the control quantity.
Since formula (8) is a nonlinear model, the optimal quasi-

linearization method is used to deal with it. Specifically, the
output of the nonlinear link is approximated by choosing a
linear link. .en, the following difference equation can be
obtained:

x(k + 1) � Ax(k) + Buu(k) + Bdd(k),

yu(k) � Cux(k) + Duuu(k) + Ddud(k),

ym(k) � Cmx(k) + Ddmd(k),

⎧⎪⎪⎨

⎪⎪⎩
(9)

where d(k) represents unpredictable interference, yu(k)
represents the immeasurable output, ym(k) represents the
measurable output, u(k) represents the input, and A, Bu, Bd,
Cu, Cm, Duu, Ddu, and Ddm represent the coefficient matrices
of each variable.

.e primary objective of predictive control in this paper
is to suppress body acceleration. .us, the weights of the
body acceleration and suspension working space are set as
0.6 and 0.3, respectively.
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Figure 7: Comparison diagram of the model simulation and experimental results at a frequency of 8Hz.
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Figure 8: Quarter car model of the vehicle suspension involving
the hydraulic electric inerter.
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Due to external disturbances, nonlinearity of the model,
and time-varying state quantities, the results of predictive
control alone may not be reliable. To achieve more reliable
and stable control, rolling optimization is selected in this
paper. Rolling optimization is a method that needs to be
carried out in a fixed-length time domain, and the fixed time
domain is rolling forward with time. It can compensate the
external uncertain disturbance by feedback correction, and
the local rolling optimization constraints are shown in
Table 5.

4.3. Performance Simulation of the Suspension. .ree per-
formance indices, vehicle body acceleration, suspension
working space, and dynamic tire load of hydraulic electric
coupling ISD suspension and passive suspension, are com-
pared for vehicles traveling at 20m/s on a road. .e relevant
parameters used in the simulation are shown in Table 6.

.e simulation results are shown in Figure 10.
It can be seen from Figure 10 that compared with passive

suspension, the body acceleration, suspension working
space, and dynamic tire load of the hydraulic electric cou-
pling ISD suspension with predictive control all have dif-
ferent degrees of reduction. From the perspective of
frequency domain, the peak value of hydraulic electric
coupling ISD suspension decreases obviously at low fre-
quencies. It is shown that hydraulic electric coupling ISD
suspension can effectively suppress body vibration, reduce
the collision probability within the suspension system, and
limit block and ensure tire grounding.

As shown in Table 7, the RMS values of three perfor-
mance indices of passive suspension and hydraulic electric
coupling ISD suspension at 20m/s are selected to illustrate
the performance advantages of hydraulic electric coupling
ISD suspension.

From Table 6, it can be seen that compared with passive
suspension, the RMS value of the body acceleration with
hydraulic electric coupling ISD suspension is reduced by
21%, the RMS value of the suspension working space is
reduced by 17%, and the RMS value of the dynamic tire load
is reduced by 0.6%. .is shows that hydraulic electric
coupling ISD suspension with predictive control has better
tire grounding and ride comfort at the same time and that

hydraulic electric coupling ISD suspension has high engi-
neering application value.

5. Bench Test

.e body acceleration and suspension working space signals
in this test are collected by an accelerometer, a displacement
sensor, and a data acquisition instrument in real time. .e
dynamic tire load signal is obtained directly from the force
sensor in the single-channel hydraulic servo excitation
platform.

.e layout of the bench test is shown in Figure 11, which
includes a dSPACE, an LMS, a sprung mass, an unsprung
mass, a suspension spring, a damper, a hydraulic electric
inerter, and a tire model spring.

Figure 12 shows the test performance comparison be-
tween hydraulic electric coupling ISD suspension and
passive suspension. .e RMS values of the test performance
are shown in Table 8.

Reference 
trajectory

Correction
online 

Prediction 
model

Expected 
value Rolling 

optimization

Control 
quantity Controlled 

objectu(k)

System 
output

MP controller

y(k)

Figure 9: Structure diagram of the predictive control system.

Table 5: Rolling optimization constraints.

Constraints Constraint range
Output constraint

Body acceleration a |a|≤ 5 m/s2
Suspension working space l |l|≤ 8 cm

Control constraint
Control quantity I |I|≤ 5A
Control increment ΔI |ΔI|≤ 0.5A

Table 6: Summary of the simulation parameters.

Parameters Values
Sprung mass ms (kg) 345
Unsprung mass mu (kg) 45
Stiffness of the main spring k (N·m−1) 22000
Damping coefficient of the suspension c (N·S·m−1) 1500
Inertance b (kg) 95
Tire stiffness kt (N·m−1) 192000
Road roughness G0 (m3·cycle−1) 5×10−6

Speed u (m/s) 20
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Figure 10: Suspension performance comparison. (a) Body acceleration. (b) Suspension working space. (c) Dynamic tire load.
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Table 7: Comparison of the RMS values of the suspension performance.

RMS value Passive suspension Hydraulic electric coupling ISD suspension
Body acceleration (m/s2) 0.8306 0.6565
Suspension working space (mm) 7.6 6.3
Dynamic tire load (N) 518 515

Linear motor

Deputy 
cylinder

Main cylinder

Spring

Tire model
spring
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dSPACE

LMS

Current I

Data signal 

Figure 11: Test layout of the bench.
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Figure 12: Continued.
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From Figure 12 and Table 8, it can be seen that com-
pared with passive suspension, the RMS values of the
body acceleration and suspension working space with
hydraulic electric coupling ISD suspension and predictive
control are significantly reduced by 16.1% and 8.9%,
respectively..e RMS value of the dynamic tire load is not
improved obviously because the dynamic tire load in the
test is the unmeasurable output of the suspension system,

for which there is no predictive control. Similarly, the
PSD of body acceleration, suspension working space, and
dynamic tire load decreases to varying degrees at low
frequencies.

In summary, the performance of the hydraulic electric
coupling ISD suspension system with predictive control is
obviously improved compared with passive suspension,
which verifies the superiority of the performance of
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Figure 12: Test performance comparison. (a) Body acceleration. (b) Suspension working space. (c) Dynamic tire load.

Table 8: Comparison of the RMS values of the test performance.

RMS value Passive suspension Hydraulic electric coupling ISD suspension
Body acceleration (m/s2) 1.0030 0.8416
Suspension working space (mm) 7.9580 7.2479
Dynamic tire load (N) 915.9 941.0
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hydraulic electric coupling ISD suspension and the effec-
tiveness of the predictive controller.

6. Conclusion

In this paper, the structural components and working prin-
ciple of a hydraulic electric inerter were introduced in detail.
Based on a force test of the hydraulic electric inerter, nonlinear
factors, including friction, the damping force, and the elastic
effect, were considered, and the parameters were obtained by
means of a system identification method. .en, a dynamic
model of the vehicle ISD suspension system incorporating the
nonlinear hydraulic electric inerter was established. To im-
prove the vibration isolation performance of vehicle sus-
pension, a predictive controller was designed, and numerical
simulations were adopted to verify the effectiveness of the
suspension control. Finally, bench tests were carried out, and
the results showed that the RMS value of the vehicle body
acceleration and the RMS value of the suspension working
space were reduced by 16.1% and 8.9%, respectively.
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